Abstract | The relative accuracy of several local radiation boundary conditions based on the second-order Bayliss{Turkel condition are evaluated. These boundary conditions permit the approximate solution of the scalar Helmholtz equation in an in nite domain using traditional nite element and nite di erence techniques. Unlike the standard BaylissTurkel condition, the generalizations considered here are applicable to non-circular solution domains. The accuracy of these conditions are investigated for elliptical and linear/circular boundaries.
I. Introduction
When solving the scalar Helmholtz equation in unbounded regions, a radiation boundary condition (RBC) must be imposed to obtain a unique solution. E cient numerical solution procedures for scattering problems necessitate the imposition of an RBC as close as possible to the scatterer. In order to maintain the desirable sparse characteristics of a di erential equation formulation, a local RBC is often employed. Bayliss and Turkel (BT) 1], 2] have proposed RBCs which approximately absorb outgoing waves over a circular or spherical boundary. A wide variety of other local RBCs have been proposed 3, 4] , and are usually similar in form to the BT expressions. In this article we consider the extension of the second-order BT RBC to non-circular boundaries. A conformal RBC can be used to limit the extent of the computational domain and provide a more e cient numerical analysis.
The adaptation of the second-order BT RBC to general shapes is straightforward.
The main ingredient is a change of variable from a cylindrical ( ; ) to a local (n; t) coordinate system, where n and t are the coordinates normal and tangential to the boundary, 
III. Generalized Radiation Boundary Condition for Curved Boundaries
A radiation boundary condition for a non-circular boundary can be derived from the Bayliss{Turkel RBC, (3) with (4b), and a parametric description of the arti cial boundary, @ . Let @ be parameterized by arclength, t, as @ = f(X(t); Y (t)) : 0 t Lg where L is the perimeter of the boundary curve. A new coordinate system for the exterior region can be de ned in terms of t, the arclength, and n, the distance from @ as measured along a normal vector (see Figure 1) . That is, x =X(t) + nY 0 (t); y =Y (t) ? nX 0 (t)
The Jacobian of this transformation is Q(n; t) = 1 + n (t), where 0 is the curvature of @ . When @ is convex, i.e. > 0, this coordinate system is global in the exterior of the arti cial boundary.
A direct change of coordinates between polar coordinates and (t; n) coordinates is obtained by the composition of the standard change of coordinates between polar and Cartesian coordinates with the above conversion from Cartesian coordinates to (t; n)-space.
The nal step is to express the derivatives on the right-hand side of (5) (6b) >From (6a) and (6b) it is seen that (5) leads to an RBC in which u n is expressed in terms of u, u t , u tt , u tn , and u nn .
The Helmholtz equation (1) 
The resulting radiation boundary condition is 0 = Au + Bu t + Cu n + Du tt + Eu tn
We emphasize that (8) is an exact extension of the second-order BT RBC, (3) with (4b), to a non-circular arti cial boundary; no earlier work gives an exact extension.
It is not possible to express u tn in terms of the remaining terms in (8) . The presence of u tn in (8) is problematic for two reasons: (i) the RBC involves eld data o the boundary, in contrast to a classical boundary condition, and (ii) the mixed derivative unduly complicates a nite element implementation. Therefore, various authors have proposed ways of avoiding the u tn term. Three di erent approximations of this term will be investigated. In each case the resulting RBC is of the form 0 =Ãu +Bu t +Cu n +Du tt : (9) The simplest approximation is to assume that the mixed derivative of the solution is \small," so that the o ending term can be ignored 3, 5] . This yields (9) with coe cients A = A;B = B;C = C;D = D: (10) A second approximation to u tn can be obtained by taking a tangential derivative of the rst-order BT RBC,x i.e. (3) with (4a). Inserting the resulting expression for the z To reach this form it is necessary to assume that @ @n 6 = 0 and to notice that 1 = @n @ @ @n + @n @ @ @n and 0 = @t @ @ @n + @t @ @ @n :
x Janaswamy 6 ] uses the rst-order BT RBC in a similar manner to obtain good results with a boundary element method for the Helmholtz equation.
mixed derivative into (8) leads to an RBC in the form of (9) 
The third approximation is based upon the tangential derivative of the curvilinear Helmholtz equation, with terms involving third-order derivatives of the eld ignored. The resulting expression for the mixed derivative, on the boundary, is u tn = ? k 2 u t ? 0 u n :
The coe cients of the corresponding approximate RBC, (9), arẽ
(12d) The RBC obtained by Khebir, Ramahi, and Mittra has the same form as (9); however, their coe cients di er from each of the above. These di erences arise from their use of approximations to u and u which involve only tangential derivatives. Their coe cients are, in the current notation, {Ã To conclude the discussion of the di erent RBCs, observe that each of the approximate RBCs reduces to the second-order BT RBC in the special case when the arti cial boundary is a circle. The performance of these RBCs for di erent boundaries is examined in the next section.
IV. Comparison of Boundary Conditions
To evaluate the boundary conditions developed in the preceding section, we consider a test case involving a line source located at the origin. In particular, we examine the zero-and rst-order terms of the Hankel function expansion of the solution to (1), i.e., u 0 = H (2) 0 (k ) and u 1 = e ?j H (2) 1 (k ). Note that all derivatives of these solutions can be computed explicitly. This facilitates the comparison of the exact curvilinear representation of the second-order BT RBC (8) with the three approximate RBCs developed in Section III. The measure of error is de ned to be the modulus of the pointwise di erence between the approximate boundary condition and the exact normal derivative. The performance of these approximations on di erent arti cial boundaries is shown in Figures 3{6 .
It is important to stress that the objective of this investigation is to nd a good approximation to (8) , the exact curvilinear form of the BT RBC. We do not expect any of these conditions to improve upon the accuracy of the BT RBC.
In the subsequent comparisons, the boundary conditions are labeled as follows. The BT condition with exact evaluation of the mixed derivative term, (8) , is denoted BT2(exact). The boundary condition developed by Khebir et al. 5] , where both the mixed derivative and second normal derivative terms are absent, (9) with (13), is called BT2(KM approx.). The mixed derivative term in (8) could be dropped, (9) with (10), a boundary condition we call BT2(approx.u tn with 0). The mixed derivative term could be approximated by di erentiating the rst-order BT condition with respect to t, resulting in BT2(approx.u tn via BT1), which is the condition (9) with (11). Alternatively, u tn could be formed by taking the derivative of the Helmholtz equation, (7). This results in third-order mixed derivatives, which are then discarded. This is (9) with (12), which is denoted BT2(approx.u tn via PDE) in the gures.
Two di erent types of arti cial boundaries are considered: elliptical and linear/circular or capped strip. The elliptical boundary, with a properly selected axial ratio, is conformable to a wide variety of scatterers. The capped strip boundary illustrates the performance when di erent types of curves are pieced together to form an arti cial boundary. Three speci c boundaries are considered: two ellipses of di erent axial ratios ( Figures 3 and 4) and a capped strip ( Figure 6 ). For each elliptical boundary, the absolute error in the normal derivative is evaluated for both u 0 and u 1 . In the capped strip example, the error is given for u 0 only. While these results are all obtained with k = 2 , similar performance is observed for a wide range of wave numbers. Recall that the goal of this exercise is to identify an RBC which closely approximates the BT condition, and not to minimize the absolute error over some portion of the domain.
The portion of an (A B) elliptical boundary used for the computation of the error is shown in Figure 2 . The source is located at = 0. The abscissa for Figs. 3, 4 and 6 is the angle measured in degrees from the x-axis toward the y? axis. The errors for the exact BT condition and each approximation for elliptical boundaries with axial ratios of (3 2 ) and (3 0:5 ) are shown in Figures 3 and 4 , respectively. Notice that the results are very similar for both u 0 and u 1 .
Two of the three approximations perform better than the BT2(KM approx.) condition. The BT2(approx.u tn via BT1) approximation gives, on average, the best approximation over all points on the boundary and the simplest approximation. The BT2(approx.u tn by 0) condition is surprisingly e ective. The BT2(approx.u tn via PDE) condition does not provide a good approximation, suggesting that the higher-order derivatives contain important information which should not be ignored.
Notice, in Figures 3 and 4 , that the Bayliss-Turkel errors increase as the angle increases (in the rst quadrant). This illustrates the fact that the Bayliss-Turkel RBCs are based on a far-eld expansion. Each of the three proposed RBCs agrees with the original BT2(exact) RBC whenever u n = u , i.e., at = 0 and = =2. Another observation is that the peaks and dips in the error occur close to the in ection points of the curvature. Figure 5 shows the capped strip boundary used to determine the normal derivative errors presented in Figure 6 . Once again, the BT2(approx.u tn via BT1) RBC performs best. The small jumps in the error coincide with the transition between the circular and planar sections of the boundary. The BT2(approx.u tn via PDE) RBC cannot be used in this situation, as = 0.
Tests for di erent scenarios retain the general properties of the three examples shown here. The di erences between the di erent boundary conditions decrease as the arti cial boundary is moved closer (less than one wavelength) to the scatterer. This suggests that the approximate RBC (9) with (12) is an e ective approximation to the curvilinear secondorder BT RBC (8) . It is expected that the approximate RBC (9) with (12) will permit the use of smaller computational domains when numerically solving an exterior problem for the scalar Helmholtz equation than has been previously possible. A full nite element implementation of these ideas is in progress; the results will appear separately.
V. Conclusion
The extension of the Bayliss-Turkel radiation boundary condition to a general articial boundary is presented. The presence of a mixed derivative term in this boundary condition makes it unsuitable for use in a variational method for the solution of the scalar Helmholtz equation. Three di erent approximations to the Bayliss-Turkel radiation boundary condition which are suitable for numerical computations are investigated. Of the three approaches considered, which were to neglect the cross term, to approximate it using the rst order radiation condition, and to nd an expression using the Helmholtz equation and neglect third order terms, the formation of the cross term using the radiation condition performed best. A wide range of boundaries and frequencies support this conclusion. 
